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Preface 

Th is  repor t ,  issued as a f i n a l  r e p o r t  under NASA Grant NGR-47-005-040, 

represents t h e  progress achieved dur ing  t h e  per iod  from October 1965 through 

March 1967 on a long-range cont inu ing  program i n  V/STOL aerodynamics being 

c a r r i e d  o u t  i n  t h e  Department o f  Aerospace Engineering and Engineering Physics 

a t  t he  U n i v e r s i t y  o f  V i r g i n i a .  

The i n i t i a l  e f f o r t  i n  these s tud ies  was performed by M r .  David L. I .  
K i r k p a t r i c k  as a Master 's degree t h e s i s  under t h e  author 's  d i r e c t i o n  dur ing  

the  academic year 1961-62. 

nature, w i t h  some app l i ca t i ons  t o  e x i s t i n g  data. The author 's  i n t e r e s t  i n  

wind tunnel wa l l  co r rec t i ons  f o r  h igh  l i f t  con f igura t ions  continued through t h e  

summers o f  1963 and 1964 as a par t - t ime e f f o r t  a t  Langley Research Center i n  

cooperation w i t h  t h e  F u l  I Scale Research D iv i s ion .  

apply K i r k p a t r i c k ' s  s l i ps t ream ana lys is  t o  some e x i s t i n g  wind tunnel data; and 

a techn ica l  note descr ib ing  these resu l t s ,  co-authored w i t h  R. J . Margason, i s  

pend i ng. 

Th is  unsponsored work was p r i m a r i l y  o f  a t h e o r e t i c a l  

An attempt was made t o  

From October 1965 u n t i l  t h e  present, research has been c a r r i e d  o u t  on t h e  

i n t e r a c t i o n  o f  h i g h - l i f t  s l ips t reams and wind tunnel f ree  stream f lows as t h e  

c r i t i c a l  phenomenon c o n t r o l l i n g  t h e  v a l i d i t y  o f  any mathematical model o f  

V/STOL c o r r e c t i o n  fac to rs .  As a d i r e c t  r e s u l t  of t h e  aforementioned NASA 

support o f  t h i s  program, a small-scale, open-c i rcu i t  tunnel f a c i l i t y  was modi- 

f i e d  and improved f o r  flow v i s u a l i z a t i o n  s tud ies  o f  j e t s ,  and a master's degree 

thes i s  t r e a t i n g  j e t  i n t e r a c t i o n  phenomena was completed by M r .  W. G. S .  Hardy, 

under t h e  au thor 's  superv is ion.  

const ructed large subsonic wind tunnel  was completed w i t h  t h e  expectat ion o f  

performing q u a n t i t a t i v e  experiments on l a rge r  s i z e  j e t s  over a wider  range of 

f r e e  stream speeds. Fol lowing t h e  conclus ion o f  t h i s  grant, a small Un ive rs i t y -  

supported e f f o r t  continued w i t h  one master's degree candidate and one under- 

graduate student, bofh under t h e  au thor 's  d i r e c t i o n .  Add i t iona l  j e t  v e l o c i t y  

decays were studied, and i n i t i a l  photographs o f  j e t  cross sec t ions  were obtained. 

The l a t t e r  w i l l  appear as a graduate t h e s i s  dur ing t h e  cu r ren t  academic year. 

A t  t h e  same time, the  design of a p a r t i a l l y -  

i i i  



The b u l k  o f  t h i s  r e p o r t  i s  contained i n  Mr .  Hardy's (1967) thes is ,  which 
/"~moo.i.d 

appears as an appmd+x and t o  which f requent  re ference i s  made. Several of t he  

recommendations made by M r .  Hardy have a l ready been fol lowed, and t h e  con- 

cl us ions presented i n  t h  i s  r e p o r t  i ncorporate these more recent  changes. 

i v  
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I .  I n t roduc t i on  

A. Background 

The use of wind tunne ls  and sca le  models t o  ob ta in  aerodynamic data which 

may be app l ied  t o  f u l l - s i z e  veh ic les  i n  f l i g h t  has long been accepted by t h e  

aerospace community. 

f u l l - s c a l e  con f igu ra t i ons  have made t h i s  a l t e r n a t i v e  imprac t ica l  and have 

emphasized t h e  importance of performing r e l i a b l e  experiments i n  cont ro l led- f low 

f a c i l i t i e s  a t  a reduced geometric sca le.  However, co r rec t i ons  must be made t o  

data obta ined i n  these f a c i l i t i e s  t o  account for  both t h e  smal le r  sca le  and t h e  

in f luence o f  t h e  t e s t  sec t i on  wa l ls .  

s i m i l a r i t y  a re  we1 I-proven and un iversa l  l y  employed, no such re1 i a b l e  r u l e s  are 

c u r r e n t l y  a v a i l a b l e  t o  predict.  wind tunnel wal l  e f f e c t s  i n  a l l  t h e  f l i g h t  

regimes o f  importance i n  aeronautics, 

The p r o h i b i t i v e l y  h igh  costs  of cons t ruc t i ng  and t e s t i n g  

Although s c a l i n g  laws based on dynamic 

The extreme d i s t o r t i o n  o f  t h e  main f low o f  a tunnel i n  t h e  presence o f  

h i g h - l i f t  model s l ipst reams such as those representa t ive  o f  V/STOL behavior 

i n  t r a n s i t i o n  from hover t o  h igh  speed f l i g h t ,  i s  s u f f i c i e n t l y  well-documented 

(Appendix References 6 and 3 )  i-o warrant. extens ive study of these wal i  e f f e c t s  

as we l l  as t h e  primary phenomena which c o n t r i b u t e  t o  them. 

t h e o r e t i c a l  method f o r  d e r i v i n g  these c o r r e c t i o n  f a c t o r s  has been developed by 

several i nves t i ga to rs  over  t h e  pas t  two decades. An i n i t i a l  attempt t o  p r e d i c t  

t he  ground e f f e c t  on a l i f t i n g  r o t o r  was made i n  1941 a t  t h e  Georgia I n s t i t u t e  

o f  Technology*(l). This was fo l lowed by an extens ive se r ies  o f  papers by 

H. H. Heyson of t h e  Langley Research Cen-i-er i n  which t h e  ground e f f e c t  theory  

was re f i ned  and app l ied  t o  t h e  f i r s t  c a l c u l a t i o n s  o f  wind tunnel  wal l  e f f e c t s  

i n  h e l i c o p t e r  t e s t l n g  (2, 3). 

con f igu ra t i ons  were a l so  publ ished by Heyson, supplemented by tab les  o f  c a l -  

cu la ted  c o r r e c t i o n  fac to rs  (4) .  

A genera l ized 

La te r  extensions t o  o the r  classes o f  V/STOL 

The essent ia l  c h a r a c t e r i s t i c  of a l  I these e a r l y  t h e o r e t i c a l  models i s  

t h e i r  mathematical representa t ion  o f  t h e  downwash, o r  wake, from t h e  l i f t i n g  

veh ic le  as a se r ies  of p o t e n t i a l  f low components i n  t h e  form of d i s t r i b u t e d  

*Numbers i n  parentheses correspond t o  references a t  t h e  end of t h e  repor t .  
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v o r t i c e s  o r  doublets. 

s t rength,  s t r a i g h t  l i n e  wake skewed a t  an angle t o  t h e  v e r t i c a l  determined 

by t h e  ne t  t h r u s t  and I i f t  generated a t  t h e  vehic le .  

represent t h e  actual  curva ture  of t h e  wake and t o  express t h e  change i n  mass 

f low w i t h i n  t h e  wake r e s u l t i n g  from mix ing and entrainment o f  f r e e  stream 

a i r  was presented by D. L. 1 .  K i r k p a t r i c k  i n  a master's degree t h e s i s  a t  t h e  

Un ive rs i t y  o f  V i r g i n i a  (Appendix Reference I l l .  These models are compared 

by Hardy i n  F igure I .  I o f  t h e  Appendix and are  described i n  de ta i  I i n  Appendix 

Section I. 

The model chosen by Heyson cons is ts  o f  a constant- 

A f i r s t  attempt t o  

B. Purpose o f  Research Program 

The o v e r a l l  purpose o f  t h i s  research program i s  t o  ga in  a thorough under- 

s tanding o f  t he  f low f i e l d  i n  the  v i c i n i t y  o f  a h i g h - l i f t  model and on the  

boundaries o f  t he  wind tunnel t e s t  sec t i on  so as t o  enable one t o  p r e d i c t  t h e  

in f luence o f  t h e  f i n i t e  w a l l s  on t h e  model f o rce  and moment measurements. As 

a consequence of  some i n i t i a l  attempts t o  apply both Heyson's s t r a i g h t  wake 

ana lys is  and K i r k p a t r i c k ' s  curved one t o  empi r i ca l  data on a V/STOL conf igura-  

t i o n ,  i t  was concluded t h a t  a t  r e l a t i v e l y  h igh sl ipstream-to-freestream v e l o c i t y  

r a t i o s  w i t h  the  s l i ps t ream normal t o  t h e  f r e e  stream, t h e  add i t i ona l  complexity 

o f  K i r k p a t r i c k ' s  curved s l i ps t ream model i s  no t  j u s t i f i e d  f o r  t h e  purpose o f  

c o r r e c t i n g  l i f t ,  drag and angle o f  a t t a c k  d a t a  a t  t h e  l i f t i n g  sur face locat ion.  

However, t h e  wal I c o r r e c t i o n  fac to rs  f o r  p r e d i c t i n g  t h e  f ree- f  l i g h t  equ iva len t  

o f  p i t c h i n g  moments and loca l  angles of f low i n c l i n a t i o n  a t  p o i n t s  downstream 

from t h e  l i f t i n g  sur face are  very severely in f luenced by t h e  curvature assumed 

i n  the  mathematical model of  the  wake. On V/STOL models w i t h  t a l l  surfaces, 

t h e  d i f fe rences  between s t r a i g h t  and curved wake analyses may be so grea t  as 

t o  a c t u a l l y  p r e d i c t  a change i n  t h e  d i r e c t i o n  of  p i t c h i n g  moment i n  the  two 

cases from p i t c h  up t o  p i  t c h  down. 

Th is  evidence of t h e  extreme importance o f  p roper ly  represent ing t h e  

s l ips t ream i n  a t h e o r e t i c a l  model o f  t h e  f low f i e l d  es tab l i shed t h e  short- 

range purpose o f  t h e  research t a s k  repor ted herein, i .e., t o  study t h e  i n t e r -  

a c t i o n  between a j e t  and a cross sec t ion  w i t h  t h e  goal o f  be ing ab le  t o  p r e d i c t  

t h e  curva ture  o f  t h i s  mix ing  j e t  from t h e  s imp les t  poss ib le  in format ion con- 

cern ing t h e  j e t  and t h e  f r e e  stream. 
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There i s  no doubt t h a t  complete knowledge o f  t h e  sl ipstream-freestream 

i n t e r a c t i o n  can on ly  come about through a more thorough understanding o f  t h e  

bas i c  nature of tu rbu  I e n t  t ranspor t  phenomena and accompanying measurements o f  

t h e  mic ro-s t ruc tu re  o f  t h e  mixing, d i s t o r t i n g  j e t .  Nevertheless, a gross 

representat ion of  t h i s  mix ing  based gpon reasonable mathematical approximations, 

mean values o f  f low parameters, and simple geometric shapes may be s u f f i c i e n t  

t o  prov ide a workable t h e o r e t i c a l  model f o r  descr ib ing  e f f e c t i v e l y  t h e  wake 

curvature and growth. Such a model would then become the  bas is  f o r  p red ic t i ons  

o f  t h e  in f luence of the  wake on t h e  flow f i e l d  throughout the  tunnel  as we l l  as 

t h e  e f f e c t s  o f  t he  presence o f  f i n i t e  t e s t  sec t ion  wa l ls .  Further, t he  i n s i g h t  

gained i n t o  the  r e l a t i v e  importance o f  both aerodynamic and geometric j e t  

c h a r a c t e r i s t i c s  on the  mix ing  process may we l l  focus a t t e n t i o n  on t h e  c r i t i c a l  

parameters o f  t h e  process and thereby estab I i sh  rea l  i s t i c  goals f o r  f u r t h e r  

research. 
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I I .  Ana ly t i ca l  Studies 

A. Review o f  Theoret ica l  Models 

I n  t h e  Appendix t o  t h i s  r e p o r t  (Sect ions I and I I - A > ,  Hardy has reviewed 

b r i e f l y  t h e  a v a i l a b l e  l i t e r a t u r e  on t h e o r e t i c a l  representat ions of the  mix ing  

j e t .  I n  a d d i t i o n  t o  t h e  work o f  Ehrick, Ackerberg and Pai, Heyson, and 

K i r k p a t r i c k  (Appendix References I ,  5, 6, 1 I f  repor ted there in ,  t he  more recent  

treatments o f  Chang (51, Epste in  (61, and P r a t t  and Baines ( 7 )  a re  deserving 

o f  a t ten t i on .  

These analyses are based p r i m a r i l y  upon a macroscopic examination o f  t h e  

i n t e r a c t i n g  f lows r a t h e r  than a deta i  led p i c t u r e  of  the  mic ros t ruc ture  o f  

l oca l i zed  turbulen% mixing. 

p a t t e r n  as t h a t  repor ted he re in  i n  t h a t  they pos tu la te  a hypothe t ica l  model 

o f  t h e  t r a n s f e r  Qf mass and momentum e i t h e r  along t h e  j e t ,  o r  across i t s  

boundaries. I n  none of these models i s  t h i s  t r a n s f e r  d i r e c t l y  a t t r i b u t e d  i n  

a mathematical way t o  e i t h e r  laminar o r  t u r b u l e n t  shear stresses. The replace- 

ment of t h e  actual  viscous behavior by an a r t i f i c i a l ,  b u t  e s s e n t i a l l y  

i r r o t a t i o n a l ,  process thus a l lows one t o  t r e a t  t h e  s l ips t ream and f ree  stream 

as a combination of p o t e n t i a l  flow elements whose s t rengths are determined by 

t h e  pos tu la ted  mix ing  o r  r e l a t e d  momen-tum exchange, 

Consequently, a l  I fo l  low t h e  same genera l ized 

The mathematical model chosen here i s  a s i m i l a r  a t tempt  t o  account f o r  

what i s  fundamentally a d iss ipa t ive ,  viscous phenomenon through t h e  i n t r o -  

duct ion of empi r i ca i  o r  semi-empirical in format ion based upon t h e  simi l a r i t y  

of behavior observed i n  a large number of j e t  f lows. Hardy has presented 

K i r k p a t r i c k ’ s  o r i g i n a l  semi-empirical model as we l l  as h i s  own rev i s ions  i n  

some d e t a i l  i n  t h e  Appendix (Sect ions l l - B  through D), and it w i l l  be on ly  

b r i e f l y  summarized here. 

B. Revised J e t  Analys is  

I. Momentum Consi dera-f-ions 

The essence of both K i r k p a t r  

i n t e r a c t i o n  ana lys is  l i e s  i n  t h e  postu 

h igher  speed j e t  i n t o  t h e  lower speed 

4 
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s i t u a t i o n  i n  a manner s i m i l a r  t o  t h e  d i s s i p a t i o n  of a f r e e  j e t  i n t o  quiescent 

a i r .  However, t h e  d r i v i n g  mechanism causing t h i s  gradual, b u t  p red ic tab le ,  

v e l o c i t y  decay i s  no+ merely t h e  j e t  dynamic pressure bu t  r a t h e r  the  d i f f e rence  

between t h i s  pressure and t h a t  o f  t h e  f r e e  stream component which i s  p a r a l l e l  

t o  t h e  loca l  j e t  cen te r l i ne .  

I n  t h e  s imp ler  case o f  coax ia l  stream mixing, t h i s  assumption reduces 

t o  a decay which Is dependent on t h e  d i f f e rences  i n  t h e  squares of the  v e l o c i t i e s  

c?f the  two p a r a l l e l  streams, a model which agrees s u b s t a n t i a l l y  w i t h  the  d e t a i l e d  

experiments repor ted by Warren (Appendix Reference 17).  When t h e  streams are 

no t  p a r a l l e l ,  t h e  components o f  f ree  stream f low a r e  i l l u s t r a t e d  as vFsin8 

and vFcos9 i n  Appendix F igure 2.4. I n  t h i s  case vFsin8 f lows p a r a l l e l  t o  t h e  

j e t  and i s  en t ra ined through t h e  aforementioned dynamic pressure d i f fe rence.  

t h e  same time, however, t h i s  en t ra inedf low c a r r i e s  w i th  it an orthogonal com- 

ponent, vFcos8, which ac ts  t o  change t h e  d i r e c t i o n  o f  t h e  mixed f low by increas ing 

t h e  d e f l e c t i o n  angle, 8. 

A t  

A f u r t h e r  cond i t i on  bear ing upon t h e  representat ion o f  t h e  mix ing 

process a r i ses  from t h e  vir l-ual absence o f  ex te rna l  forces on t h e  j e t  i n  a 

d i r e c t i o n  perpendicu lar  t o  t h e  f r e e  stream. N e g l i g i b l e  weight o f  t he  a i r ,  

ne lgec t  o f  v i s c o s i t y  per  se, and a near ly  un i form t ransverse s t a t i c  pressure 

f i e l d  lead t o  the  reasonable assumption t h a t  t he  i n i t i a l  momentum component 

of the  j e t  normal t o  t h e  f r e e  stream w i  I I be conserved, p rov id ing  no wal I s  are 

c lose  enough t o  d i s t u r b  t h e  s t a t i c  pressure. 

here, t h e  j e t  issues v e r t i c a l l y  i n t o  a ho r i zon ta l  stream; so t h e  assumption i s  

expressed as an invar iance o f  v e r t i c a l  momentum dur ing  t h e  a d d i t i o n  o f  ho r i -  

zonta l  momentum. I t  must be noted t h a t  t h i s  conservation hypothesis does no t  

imply a constant  v e r t i c a l  v e l o c i t y .  I n  fac t ,  t h e  v e r t i c a l  component o f  t h e  j e t  

v e l o c i t y  must decrease as f r e e  stream mass f low i s  entrained, f o r  t h e  o r i g i n a l  

v e r t i c a l  momentum must now be d i s t r i b u t e d  over  a l a rge r  mass flow. 

I n  t h e  p a r t i c u l a r  case s tud ied  

2. Semi -Emp i ri ca I I nputs 

Recognizing t h a t  most o f  t h e  f r e e  stream flow i s  no t  en t ra ined by t h e  j e t  

b u t  i n  f a c t  passes around it, one i d e n t i f i e s  a second c o n t r i b u t i o n  t o  t h e  curvature 

i n  t h e  form o f  an equ iva len t  b l u f f  body drag. 

on t h e  bas is  o f  an ever-expanding c i r c u l a r  j e t  cross section. 

K i r k p a t r i c k  evaluated t h i s  drag fo rce  

However, as Hardy has 
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po in ted  o u t  i n  Appendix Sect ion 11-0-2, t h i s  c r  s sec t i on  must be considered t o  

be a more general shape, s ince  j e t  nozzles a re  n o t  always c i r c u l a r  nor  does any 

j e t  remain c i r c u l a r  f o r  a very long t ime  as it i s  swept i n  t h e  f r e e  stream d i rec-  

t i o n .  Visual observat ions by several i nves t i ga to rs  subs tan t ia ted  by pressure 

surveys by Jordinson (Appendix Reference 9 )  have ind ica ted  t h a t  a double-lobed 

kidney shape i s  q u i c k l y  formed by t h e  shear s t resses a c t i n g  on t h e  j e t  periphery, 

and t h i s  shape i s  re ta tned w i t h  gradual increase i n  width, for a g rea t  d is tance 

along t h e  j e t  path. The drag c o e f f i c i e n t s  chosen i n  t h e  present study are thus 

representa t ive  of b l u f f  semi-cy1 i n d r i c a l  she1 Is, whereas K i r k p a t r i c k ' s  drag 

c o e f f i c i e n t  was t h a t  of a s o l i d  c i r c u l a r  cy l inder .  

c y l i n d e r  was es tab l i shed by K i r k p a t r i c k ' s  pos tu la te  o f  conservation o f  v e r t i c a l  

momentum and by a s p e c i f i e d  semi-empirical j e t  c e n t e r l i n e  decay curve. 

on the  o the r  hand, has se lected th ree  empi r i ca l  curves i I l u s t r a t i n g  the  spreading 

o f  t h e  kidney-shaped cross sec t ion  as they may be i n f e r r e d  from Jordinson's 

pressure p r o f i l e s .  Th is  r e v i s i o n  t o  t h e  e a r l i e r  t h e o r e t i c a l  model i s  shown i n  

Appendix F igure  2.8, 

The diameter o f  t he  c i r c u l a r  

Hardy, 

One f i n a l ,  b u t  very s i g n i f i c a n t ,  r e v i s i o n  o f  t he  theory i s  described 

i n  d e t a i l  i n  Appendix II-D-3. This  i s  t h e  use o f  a more r e a l i s t i c  representat ion 

of t h e  j e t  v e l o c i t y  decay, 

simp I i f  ied  momentum f a c t o r  cha rac te r i z ing  the  v e l o c i t y  p ro f  i l e  as introduced by 

K i r k p a t r i c k  were subjected t o  a more ca re fu l  examination. Several numerical 

ca l cu la t i ons  ind ica ted  t h a t  t h i s  v e l o c i t y  decay expression was t h e  most s e n s i t i v e  

parameter contained i n  t h e  curvature theory.  As a r e s u l t  o f  t h i s  observation, 

a more soph is t i ca ted  momentum f a c t o r  and r e s u l t a n t  equ iva len t  v e l o c i t y  d i s t r i b u t i o n  

were introduced i n t o  t h e  theory  f o l l o w i n g  t h e  methods o f  Warren (Appendix Reference 

17). The d e t a i l s  o f  t h i s  rev ised model are developed i n  Appendix Equations 2.16 

through 2.29. 

pressions requ i res  t h a t  t h e  core reg ion of the  j e t  be two-dimensional o r  a x i a l  l y  

symmetric i n  behavior and t h a t  s i m i l a r i t y  e x i s t  i n  t h e  t ime average f r e e  j e t  

v e l o c i t y  p r o f i l e s ,  based on t h e  width a t  t h e  h a l f - v e l o c i t y  po in t .  

d i t i o n s  are  n o t  met (as they are no t  i n  a rectangular  j e t  o r i f i c e ) ,  one may s t i l l  

employ t h e  momentum f a c t o r  and equ iva len t  v e l o c i t y  concepts; b u t  he must determine 

these a t  each a x i a l  s t a t i o n  o f  t h e  f r e e  j e t  by numerical o r  graphica l  i n t e g r a t i o n  

of t h e  measured v e l o c i t y  p r o f i l e .  

Both t h e  c e n t e r l i n e  decay curve and t h e  h igh l y -  

I t  should be noted t h a t  t he  d i r e c t  a p p l i c a t i o n  of  Warren's ex- 

I f  these con- 
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3. 

d i f f e r e n t  

procedure 

Numerical Ca lcu la t i on  Scheme 

A numerical i n t e g r a t i o n  procedure f o r  t h e  f i n a l  j e t  curvature 

a l  equation was developed us ing a Runge-Kutta scheme. Th is  

was programmed i n  Algo l  for  t h e  Un ive rs i t y  o f  V i r g i n i a  Burroughs 

B5500 d i g i t a l  computer. Several combinations o f  t h e  rev i s ions  described i n  

t h e  preceding sec t i on  were ca l cu la ted  as a means o f  de tec t ing  t h e  r e l a t i v e  

s e n s i t i v i t y  o f  t h e  f i n a l  j e t  curva ture  t o  t h e  i n p u t  parameters. These 

r e s u l t s  a re  described and presented by Hardy i n  Appendix, Sect ion 11-0-5. 

The general form o f  t h e  j e t  angle equation i s  a combination of mix ing  and 

drag e f f e c t s  which a re  simply superimposed i n  t h e i r  d i f f e r e n t i a l  form, thus: 

w i th  each term g iven by: 2 v v  

- -  Jo 3 cos0 [I - (Fr s inz.3 .[(+)'I 2vJ 0 0 
dBM(O, S/D) 

d( 5/D) 
- - 

and: 

where: de (0, 6/01 = d i f f e r e n t i a l  curva ture  caused by entrainment o f  f r e e  M 
stream a t  t h e  p a r t i c u l a r  l oca t i on  (0, 5/D) 

deD( 0, S/D) = correspond i ng I oca I d i f f e r e n t  i a I curva ture  due t o  

aerodynamic drag 

5/D = non-dimensional downstream dis tance along j e t  curvature 

v = free-stream v e l o c i t y  F 
v = i n i t i a l  j e t  v e l o c i t y  (assumed uniform) 

JO 

v = loca l  e f f e c t i v e  j e t  v e l o c i t y  based upon momentum f l u x  J 
averaged across j e t  p ro f  i l e  
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v = equ iva len t  v e l o c i t y  of  a f r e e  j e t  based upon average E 
momentum f l u x  i ssu ing  i n t o  qu iescent  a i r  

CD = assumed b luf f -body drag c o e f f i c i e n t  

yJ = assumed ( o r  empir ical ly-determined) j e t  ha l f -w id th  

a t  loca l  s t a t i o n  (C/D) 

The a p p l i c a t i o n  of t h i s  equat ion t o  p r e d i c t  loca l  j e t  angle as a 

func t i on  of downstream dis tance requ i res  t h e  d i r e c t  i npu t  o f  i n i t i a l  j e t  

v e l o c i t y ,  j e t  o r i f i c e  diameter, f r e e  stream v e l o c i t y  and drag c o e f f i c i e n t  

as constants f o r  t h e  e n t i r e  process. I n  add i t ion ,  t he  v a r i a t i o n  o f  j e t  width 

must be s p e c i f i e d  e i t h e r  f u n c t i o n a l l y  o r  t a b u l a r l y  as one proceeds downstream. 

I n  the  present  ca lcu la t ions ,  t h i s  d i s t r i b u t i o n  o f  yJ w i t h  increas ing (S/D)  

was obtained from empi r i ca l  data o f  Jordinson f o r  a c i r c u l a r  j e t  o r i f i c e ;  b u t  

it might we l l  be apprec iab ly  d i f f e r e n t  f o r  square, rectangular ,  o r  e l l i p t i c a l  

nozzle e x i t s .  

Ca lcu la t i on  o f  t h e  loca l  e f f e c t i v e  curved j e t  v e l o c i t y ,  vJ, i s  a 
s t ra igh t fo rward  extens ion o f  t h e  equ iva len t  f r e e  j e t  ve loc i t y ,  vE, based upon 

K i r k p a t r i c k ' s  pos tu la tes  o f  t h e  s i m i l a r i t y  of mix ing mechanisms i n  f r e e  j e t s  

of 

IS 

non-para l le l  streams. Th is  r e l a t i o n  i s  g iven as Appendix Equation 2.2 and 

repeated here: 

The equ iva len t  f r e e  j e t  v e l o c i t y  decay is ,  then, t h e  primary empi r i ca l  

i npu t  t o  t h e  e n t i r e  curvature c a l c u l a t i o n .  

w i thout  s w i r l ,  t h i s  f r e e  j e t  behavior i s  very we1 I described by Warren (Appendix 

Reference 17); although boundary layer  e f f e c t s  w i t h i n  t h e  j e t  nozzle may no t  be 

n e g l i g i b l e  i n  very small o r i f i c e s  o r  very long nozzles. Some app l i cab le  data 

on s w i r l i n g  j e t s  i ssu ing  i n t o  qu iescent  a i r  have been published by W. G. Rose ( 8 ) ;  

b u t  no general s imi  l a r i t y  has been es tab l i shed f o r  such flows, and one could 

c e r t a i n l y  n o t  expect them t o  behave i n  t h e  manner described above. For non- 

s w i r l i n g  j e t s  w i thout  a x i a l  symmetry, momentum p r o f i l e s  must be es tab l i shed 

I n  t h e  case of axisymmetric f low 
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experimental l y  f o r  each j e t  as i t  exhausts i n t o  f r e e  a i r  i n  o rde r  

momentum fac to rs  and center1 ine  decay curves may be generated as 

t h e o r e t i c a l  ca l cu la t i ons .  

t h a t  appropr ia te 

nputs t o  

The h i g h l y  non-l inear nature o f  t he  t r i gonomet r i c  f u n c t  ons and t h e  

i n i t i a l  v e l o c i t y  decays i n  the  j e t  angle ca l cu la t i ons  requ i re  ca re fu l  programming 

and i n t e g r a t i o n  i n t e r v a l  se lec t ion ;  bu t  t h e  r e s u l t i n g  curves are  q u i t e  smooth and, 

i n  the  cases ca l cu la ted  t o  date, produced rap id  convergence toward each successive 

p o i n t  i n  t h e  Runge-KutSa scheme employed. The f i n a l  -bransformation o f  coord inates 

from 0 and S/D t o  x/D and z/D, represent ing distances downstream and cross stream, 

respec t ive ly ,  when r e f e r r e d  t o  t h e  tunnel  f low d i r e c t i o n  i s  accomplished as noted 

i n  Appendix Sect ion 11-C-3 and repeated here f o r  the  Kth step of t h e  in tegra t ion .  

Preparat ion o f  experimental data f o r  i npu t  t o  t h e  computer program i s  

accomplished i n  several steps which a re  mentioned i n  var ious  sec t ions  i n  t h e  

Appendix and are  summarized as fo l lows,  w i t h  explanatory notes where requi red:  

a. 

des i red i n i t i a l  v e l o c i t i e s  ( v  /v vs. x/D) 

b. 

t o  evaluate t h e  h a l f - v e l o c i t y  w id th  and a t  enough a x i a l  loca t ions  t o  

i d e n t i f y  t h e  core and t h e  ful ly-developed f low regions (vp/vc vs. y/y5) 

(NOTE: I f  on ly  paper s tud ies  of hypothe t ica l  j e t s  are o f  i n te res t ,  
one may accept Warren's v e l o c i t y  decays and v e l o c i t y  p r o f i l e s  fo r  
t h e  appropr ia te  j e t  Mach number and temperature. However, f o r  the  
purposes of p r e d i c t i n g  t h e  curvature o f  a p a r t i c u l a r  j e t  geometry, 
it i s  des i rab le  t o  e s t a b l i s h  by some minimum experimental program 
t h e  ex is tence of gross s i m i l a r i t y  o f  p r o f i l e s  and t h e  agreement 
w i t h  o r  departure from Warren's representa t ive  data. 1 

Determine t h e  c e n t e r l i n e  v e l o c i t y  decay of t h e  f r e e  j e t  a t  

c Jo 
Determine t h e  f ree  j e t  v e l o c i t y  p r o f i l e s  w i t h  s u f f i c i e n t  p rec i s ion  

9 



c. 

p ro f  i l e  expressions o r  by e x t r a p o l a t i o n  of experimental p r o f i  les t o  

v = 0. 

d. Determine t h e  momentum fac tor ,  f, by graphica l  i n t e g r a t i o n  of 

area under the  squared v e l o c i t y  p r o f i  l e  curves, 

Thus, by d e f i n i t i o n ,  

Locate t h e  f r e e  j e t  width (yE) ,  by c a l c u l a t i o n  from Warren's 

P 

vs. (y /y5 lZ .  

(NOTE: Wi th in  t h e  core reg ion of the  f r e e  j e t ,  t he  momentum 
f a c t o r  decreases monotonica l ly  from an i n i t i a l  va lue of 1.0 
t o  a lesser  value which i s  c h a r a c t e r i s t i c  o f  t h e  establ ishment 
of s i m i l a r i t y  i n  v e l o c i t y  p r o f i l e s ,  non-dimensionalized by t h e  
h a l f - v e l o c i t y  width. The va lue  o f  f remains constant  f o r  t h i s  
fu l ly -developed reg ion and may be ca lcu la ted  i n  accordance 
w i t h  Warren's p r o f i l e  representat ions o r  determined g raph ica l l y  
a t  one s t a t i o n  w i t h i n  t h e  s i m i l a r i t y  region.) 

e. 

by c a l c u l a t i n g  a t  each des i red x/D locat ion;  

Construct t h e  equ iva len t  v e l o c i t y  decay curve f o r  t h e  f ree  j e t  

- = -  vc fl . E V 

V 

0 
vJ 

JO 

f .  

f unc t i on  i n  (x/D) 

Express t h e  equ iva len t  v e l o c i t y  decay curve as a polynomial 

(NOTE: The present  c a l c u l a t i o n  procedure u t i l i z e d  a 
f i f t h - o r d e r  polynomial expression and performed a l eas t  
squares f i t  t o  t h e  v e l o c i t y  decay curve. Any c u r v e - f i t t i n g  
technique des i red may be u t i l i z e d  and subs t i t u ted  f o r  t h e  
"Procedure MIXCHANGE" p o r t i o n  o f  t he  program. 1 

g. 
downstream loca t i on  (yJ/D vs. </D) from empi r i ca l  observations, pressure 

p r o f  i I es or theory.  

Express t h e  curved j e t  spreading c h a r a c t e r i s t i c s  as a func t i on  o f  

(NOTE: 
l eas t  squares f i t  t o  each of th ree  se ts  o f  Jordinson's pressure 
p r o f i l e s  corresponding t o  th ree  d i f f e r e n t  v e l o c i t y  r a t i o s .  Any 
a l t e r n a t i v e  growth expressions could be subs t i t u ted  for  t h e  
"REAL Yrr and "HDRAG" p o r t  ions of the  program. 1 

IO 

The present  program u t i l i z e s  a th i rd -o rde r  polynomial 



h. 

j e t  cond i t ions  of v e l o c i t y  and angle measured from t h e  cross stream 

d i r e c t  ion. 

Se lec t  an appropr ia te  drag c o e f f i c i e n t  (c,,), and spec i fy  i n i t i a l  

A p r i n t - o u t  copy o f  t h e  ac tua l  computer program used by Hardy i n  the  

c a l c u l a t i o n s  repor ted he re in  i s  presented as F igure I .  

C. Comparison With E x i s t i n g  Data 

The o v e r a l l  o b j e c t i v e  of t h e  t h e o r e t i c a l  and numerical ana lys is  o f  a j e t  

i ssu ing  i n t o  a cross-wind is ,  o f  course, t o  der ive  a t r a c t a b l e  y e t  p h y s i c a l l y  

r e a l i s t i c  model which may be used t o  p r e d i c t  w i t h  acceptable accuracy t h e  

behavior o f  an actual  j e t  mix ing w i t h  a f r e e  stream f low. The ana lys is  presented 

he re in  does no t  purpor t  t o  be new o r  a l  I - i nc lus i ve ,  bu t  ra the r  a more d e t a i l e d  

and, hopefu l l y ,  more r e a l i s t i c  vers ion of t h e  model o r i g i n a l l y  proposed by 

K i r k p a t r i c k .  Consequently, the  f i r s t  group o f  comparisons presented i n  Appendix 

Section II-D-5 are  those which i l l u s t r a t e  the  s i g n i f i c a n c e  ( o r  i ns ign i f i cance )  

o f  t h e  t h r e e  major rev i s ions  t o  t h e  e a r l  i e r  theory, namely, (a )  more accurate f r e e  

j e t  v e l o c i t y  decay and spreading cha rac te r i s t i cs ,  (b )  more rea l  i s t i c  curved j e t  

cross-sectional growth and shape, and (c )  more cons is ten t  values o f  equ iva len t  

b lu f f -body drag c o e f f i c i e n t .  As Hardy has noted i n  Appendix F igures 2.11 through 

2.13 and the  discussion accompanying them, one may summarize these comparisons 

by es tab l i sh ing  a r e l a t i v e  o rder  o f  importance of t h e  rev i s ions  i nso fa r  as each 

one in f luences t h e  curves of t he  j e t  c e n t e r l i n e  locat ion.  Thus, a t  a l l  j e t - t o -  

freestream v e l o c i t y  r a t i o s  t h e  most i n f l u e n t i a l  parameter i s  t he  equ iva len t  f ree  

j e t  v e l o c i t y  decay func t ion ,  Secondary t o  t h i s ,  b u t  o f  considerable importance 

a t  low v e l o c i t y  r a t i o s ,  i s  t h e  i npu t  represent ing t h e  changing w id th  o f  t he  

curved j e t .  F i n a l l y ,  o f  l eas t  s i g n i f i c a n c e  a t  a l l  v e l o c i t y  r a t i o s  examined i s  

t h e  v a r i a t i o n  o f  drag c o e f f i c i e n t  w i t h i n  t h e  reasonable l i m i t s  normally associated 

w i t h  b l u f f  bodies. 

For any chosen v e l o c i t y  r a t i o ,  t h e  d i r e c t  comparison o f  t h e o r e t i c a l  ly -predic ted 

j e t  l oca t i on  w i t h  exper imenta l ly  determined j e t  curves i s  t h e  u l t i m a t e  t e s t  o f  t h e  

v a l i d i t y  o f  the  pos tu la ted  mathematical model. However, t h e  present  model incor- 

porates both t h e o r e t i c a l  and empi r i ca l  func t ions  and i s  t he re fo re  no t  t r u l y  
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independent from t h e  experiments t o  which it i s  compared. I n  t h e  absence of 

f r e e  j e t  decay data f o r  t h e  s l i ps t ream curvatures a v a i l a b l e  i n  t h e  l i t e r a t u r e ,  

i t  i s  impossible t o  s e l e c t  t h e  optimum inputs  for  t h e  numerical c a l c u l a t i o n s  

of the  present  model. Nevertheless, some q u a l i t a t i v e  comparisons may be 

j u s t i f i e d  as presented i n  t h e  curves o f  Figures 2 and 3. The p a r t i c u l a r  

experiments chosen from t h e  l a rge r  group shown i n  t h e  Appendix (F igure  3.11 

are those o f  Jordinson (Appendix Reference 9 )  because o f  the  use o f  t h i s  

pressure p r o f i l e s  t o  def ine the  ha l f -w id th  o f  the  t h e o r e t i c a l  j e t ,  those o f  

Margason ( 9 )  because o f  t h e  absence o f  end p l a t e  e f f e c t s  a t  t h e  j e t  o r i f i c e ,  

and those o f  Ke f fe r  and Baines (Appendix Reference I O )  because of t h e  very 

large r a t i o  o f  tunnel dimension t o  j e t  diameter. The t h e o r e t i c a l  model shown 

i n  both f i g u r e s  corresponds t o  curve ( b )  of Appendix Figures 2.13, i.e., case 

i i i  o f  Hardy's ca l cu la t i ons ,  i n  which Warren's genera l ized v e l o c i t y  decay 

funct ion iscombinedwi th  Jordinson's ha l f -w id th  and a semi -cy l indr ica l  s h e l l  

drag c o e f f i c i e n t .  

cond i t ions  and t h e  actual  experimental ones, the  p red ic ted  j e t  loca t ions  are 

q u i t e  c lose  t o  those observed; and t h e  ca lcu la ted  loca l  slope i s  very near ly  

t h a t  repor ted by t h e  experimenters, p a r t i c u l a r l y  a t  the  h igher  v e l o c i t y  r a t i o .  

I n  s p i t e  of t h e  poss ib le  d i s p a r i t y  between these t h e o r e t i c a l  

The good agreement between theory and Margason's empi r i ca l  f i t  t o  h i s  

d a t a  i s  p a r t i c u l a r l y  encouraging, s ince h i s  i s  t h e  o n l y  experiment f ree  f r o m  

end p l a t e  e f f e c t s  a t  t h e  nozzle, a cond i t i on  spec i f i ed  i n  a l l  o f  Warren's 

r e s u l t s  and the re fo re  inherent  i n  t h e  f r e e  j e t  v e l o c i t y  decay expressions used 

i n  d e r i v i n g  t h e  t h e o r e t i c a l  curves presented. C e r t a i n l y  one cannot con t r i bu te  

a l l  the  discrepancies between var ious experimental r e s u l t s  t o  t h e  presence o r  

absence o f  a f i n i t e  end p la te ,  b u t  i t s  e f f e c t s  on f r e e  j e t  v e l o c i t y  decay and 

d i s t o r t i o n  o f  t h e  cross sec t i on  o f  t he  mix ing curved j e t  are no t  p red ic tab le  

a t  t h e  moment i n  any q u a n t i t a t i v e  manner and consequently cannot be e n t i r e l y  

discounted. 
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I l l .  Experimental Studies 

A. Purpose o f  Experimental Program 

As mentioned i n  t h e  preceding section, t he  on ly  v a l i d  t e s t  of both mix ing 

and drag representat ions o f  t he  t h e o r e t i c a l  model i s  a comparison o f  i t s  pre- 

d i c  ions o f  j e t  curvature w i t h  an experimental l y  observed j e t  whose character- 

i s t  cs  when exhausting f r e e l y  i n t o  quiescent a i r  are used d i r e c t l y  as t h e  

emp r i c a l  inpu ts  t o  t h e  c a l c u l a t i o n  procedure. The purpose of t h e  experimental 

program repor ted here in  i s  thus b a s i c a l l y  t o  supply a known f ree  j e t  i npu t  and 

t o  determine t h e  behavior of t h a t  same j e t  when issu ing  normal t o  a known cross 

f low. 

Because o f  t he  ra the r  sweeping assumptions i n  t h e  model chosen t o  represent 

momentum and mass flow conservation and exchange, a longer range o b j e c t i v e  o f  

t he  experimental phase o f  t h i s  research was t o  examine some s p e c i f i c  aspects of 

t h e  sl ipstream-freestream i n t e r a c t i o n  process which might i nd i ca te  the  l i m i t a t i o n s  

o f  these t h e o r e t i c a l  assumptions. I n  p a r t i c u l a r ,  i t  was des i red t o  examine t h e  

d i f fe rences  i n  both f r e e  j e t  and mix ing j e t  developments between c i r c u l a r  and 

rectangular  o r i f i c e s  t o  observe t h e  ex ten t  t o  which non-symmetry of the  nozzle 

might e f f e c t  equ iva len t  v e l o c i t y  decays, downstream v e l o c i t y  p r o f i l e s ,  and 

curvature f n  the  cross-stream. Several such t e s t s  were made and are  repor ted 

by Hardy i n  Appendix Sections II-D and I l l - F .  As may be noted from these resu l ts ,  

the  d i f ferences i n  f ree  j e t  behavior between t h e  two nozzle geometries were 

s i g n i f i c a n t  and pe rs i s ted  f o r  a large d is tance downstream. I t  became apparent 

from these t e s t s  t h a t  a new representa t ion  o f  j e t  width, equ iva len t  v e l o c i t y ,  

and momentum f a c t o r  would be necessary t o  prov ide acceptable inputs  t o  t h e  ca l -  

c u l a t i o n  program. 

obvious, and t h e  t ime a v a i l a b l e  w i t h i n  t h e  per iod  o f  t h e  g ran t  was no t  s u f f i c i e n t  

t o  warrant a second major a n a l y t i c a l  development t o  represent  a s i n g l e  new j e t  

nozzle geometry. 

o f  t h e  rec tangu lar  j e t ;  t h e  observed behavior has simply been repor ted f o r  com- 

par ison w i t h  corresponding c i r c u l a r  nozzle data. 

No simple bas i s  for  es tab l i sh ing  s i m i l a r i t y  o f  p r o f i l e s  was 

Consequently no at tempt  has been made t o  p r e d i c t  t he  curvature 
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An additional experimental program was planned and begun in an effort to 
clarify several questions concerning geometric influences on the mixing jet 
behavior. 
diameter on the spreading and distortion of the mixing jet are not known. 
Certainly one can partially account for differences in size by non-dimension- 
alizing on the basis of diameter. However, the conditions for dynamic 
similarity of two different sizes of turbulent jets must involve an equality 
of Reynolds' number based on an appropriate length scale; and the question of 
what length dimension is most meaningful, e.g., jet diameter, distance down- 
stream, or distance along peripheral streamlines, has not been satisfactorily 
answered. 
larger scale jets in a large wind tunnel test section; and to this end, the 
design of a contraction section, motor drive system, and test section of the 
partially-built subsonic flow facility was pursued under this program. 

At the present time the effects of absolute magnitude of nozzle 

It was felt that tests should be conducted on geometrically similar, 

Two other geometric uncertainties in jet mixing analyses must be clarified 
in larger scale facilities than those employed and described in Appendix Section 
Ill-D, and it was intended that the large subsonic tunnel be designed and con- 
structed in such a way that it would be suitable for these tests. One of these 
unknowns is the effect o f  an end plate on the jet nozzle, as discussed in the 
preceding section. The second effect is that which originally led 
investigation of slipstream-free stream interaction, namely the inf 
wind tunnel walls on the flow field. Since one cannot move the jet 
from the end-plate effect of a wind tunnel wall without necessarily 
closer to the opposite wall in any cl 
the individual influences can only be 
in a large test section under control 
established in a smaller, but geometr 

sed tes 
accomp I 
ed cond 
cally s 

B. Description of Apparatus and Faci I ities 

section, the identif 
shed by examining the 

o the enti re 
uence of the 
nozzle away 
moving it 
cation of 
jet behav i or 

tions similar to those already 
mi lar, section, 

Considerable effor? was expended by the principal investigator in the 
design and construction supervision of a variable-speed, variable-pitch propeller 
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d r i v e  system; a matching f low-s t ra igh tener  and d i f f u s e r  section; a un i form ou t f l ow  

con t rac t i on  nozzle; and a constant  pressure, readi l y  ac 

a la rge  subsonic wind tunnel .  Although t h i s  tunnel was 

per iod  of t h e  grant ,  i t s  development has s ince been continued w i t h  U n i v e r s i t y  

support; and it i s  c u r r e n t l y  opera t ing  over  a speed range f r o m  20 t o  120 f e e t  pe r  

second. The c h a r a c t e r i s t i c s  o f  t h i s  c losed-return f a c i l i t y  a re  as fo l lows:  

Test  Section: 3.5' x 5.0' x 6.0' long 

Design Speed Range: 20-250 f t / s e c  

Dr i ve  System: 4-blade, va r iab le -p i t ch  fan (8-1/2 ft. diam.) 

25 HP DC motor, 50-400 rpm 

200 HP AC motor, I175 rpm 

Turbulence Level: 

Balance System: 

Cont rac t ion  Rat io :  4.75 

0.25% from 20-120 f t / sec  a t  b lade t i p  p i t c h  angle = 25.2O 

3-component e l e c t r i c  beam balance 

A I  I t h e  experiments repor ted i n  t h e  Appendix were performed i n  an open-c i rcu i t ,  

o n e - f i f t h  sca le  p i l o t  model o f  t h e  la rge  tunnel .  Th i s  small ,  student-operated 

tunnel  had been p rev ious l y  const ructed f o r  use as an undergraduate laboratory  t o o l  

w i t h  a uniquely-designed con t rac t i on  sec t i on  intended t o  prov ide uniform flow w i t h  

an area r a t i o  o f  5.0. As noted by Hardy, t h e  actual  flow d i s t r i b u t i o n  was surveyed 

and found t o  be uni form and a x i a l  t o  w i t h i n  one per  cent  o f  mean v e l o c i t y  and 

w i t h i n  one-half degree o f  t h e  a x i s  ( t h e  p rec i s ion  o f  t he  i n c l i n a t i o n  sensor). Th is  

was f e l t  t o  be s u f f i c i e n t l y  representa t ive  o f  t h e  t h e o r e t i c a l  f r e e  stream condi t ions,  

so t h e  on ly  mod i f i ca t i ons  which were made t o  t h e  tunnel  were t h e  replacement o f  t h e  

o r i g i n a l  t e s t  sec t i on  and improvements t o  t h e  variable-speed d r i v e  repor ted by 

Hardy. 

The un i fo rm i t y  of flow en te r ing  t h e  t e s t  secl-ion warranted sca l i ng  t h e  con- 

t rac t i onnozz le  design up t o  the  large subsonic tunnel s ize .  A pressure d i s t r f -  

bu t i on  along top  and s i d e  contours was obtained; and t h e  agreement w i t h  p red ic ted  

gradients, a f t e r  app ly ing  mass c o n t i n u i t y  cor rec t ions ,  was q u i t e  reasonable, 

x h i b i t i n g  no areas of adverse grad ien ts  and no evidence of separation. The 

v e r a l l  con t rac t i on  sec t i on  length for  the  la rge  tunnel was decreased because of  
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the limited space available for the closed-return passage, and a revised contour 
was calculated retaining the local slopes of the small scale nozzle in those 
regions of minimum rate of change of pressure near the exit. 
of the large test section recently completed show no evident areas of flow 
separation or of extreme non-uniformity, although detailed flow inclination or 
vorticity measurements have not yet been obtained. 

Preliminary surveys 

The jet nozzles, free jet expansion measurement instrumentation, and flow 
visualization equipment have been thoroughly described by Hardy in the Appendix, 
and no supplemental details appear necessary herein. 

C. Results and Discussion 

I .  Free Jet Studies 

Hardy has presented the center1 ine velocity decay and jet profiles for 
both axi-symmetric and slot jets in detail in Appendix Section I l l - F .  The 
regular, predictable jet spreading and achievement of non-dimensionalized profile 
similarity in both geometries i s  evidence that both jets are "we1 I-behaved,'' 
that i s ,  that there is nearly uniform exit velocity at the nozzle plane with no 
indication of swirl or flow separation within the nozzle and that the exit flow 
is parallel to the nozzle axis with no curvature or angularity artificially in- 
troduced prior to exiting into the room. 

The slot jet behaves initially as a combination of two-dimensional jets 
acting in planes perpendicular to each other. The interaction between the two 
distinct profiles continuously merges the characteristics of each into the other 
in a kind of intermediate zone of velocity decay, and finally a repeatable 
pattern of profile similarity appears which is akin to the fully-developed 
axi-symmetric jet. However, no simple basis for non-dimensionalizing a profile 
measured in an arbitrary planecontaining the jet axis is apparent. Even the 
use of an equivalent diameter as introduced herein leads to some inconsistencies 
when comparing vertical and horizontal profiles which are gradually changing 
from a two-dimensional to a three-dimensional nature. One certainly cannot draw 
justifiable conclusions about the suitability of a theoretical descriptive model 
from these very limited data. 



2. J e t  Cross-W i nd Studies 

The j e t  cross-wind r e s u l t s  show a d e f i n i t e  improvement i n  t h e  p r e d i c t i o n  

o f  actua l  paths, although t h e  t h e o r e t i c a l  paths depar t  from t h e  measured loca t ions  

by a d i ssapo in t i ng l y  la rge  amount a t  t h e  h ighe r  v e l o c i t y  r a t i o s .  As noted i n  

Hardy's discussion, t h i s  discrepancy may a r i s e  from several poss ib le  sources. The 

f a c t  t h a t  t h e  i n i t i a l  slopes disagree so d r a s t i c a l l y  ind ica tes  t h a t  t h e  e a r l y  

p o r t i o n  o f  t h e  v e l o c i t y  decay curve used as an i npu t  t o  t h e  c a l c u l a t i o n  procedure 

may be i n  e r r o r .  Th is  func t i on  must be ex t rapo la ted  from downstream measurements 

a t  (x/D) r a t i o s  o f  about 1.0 t o  t h e  nozz le e x i t  plane; and there  i s  a d i s t i n c t  

possi b i  I i t y  t h a t  t h e  presence o f  a t o t a l  pressure probe even a f u l  I diameter from 

the  nozzle e x i t  may have blocked t h e  j e t  f low a non-negl ig ib le  amount, leading t o  

an erroneous shape o f  both t h e  c e n t e r l i n e  v e l o c i t y  decay and t h e  momentum f a c t o r  

curves i n  t h i s  c r i - k i ca l  reg ion o f  h igh  j e t  v e l o c i t y .  

Add i t iona l  evidence suppor t ing t h i s  pos tu la te  o f  t he  source o f  t he  

discrepancy r a t h e r  than an e r r o r  i n  observat ion o f  t h e  j e t  l oca t i on  comes from 

a comparison o f  Appendix F igure 3.12 w i t h  Figures 2.13 and 3.1. 

r a t i o s  o f  6, 8, and IO, an over lay o f  f i g u r e s  2.13 and 3.12 shows t h a t  an equ iva len t  

v e l o c i t y  decay based on Warren's j e t  p r e d i c t s  t h e  i n i t i a l  slope o f  t h e  experimental 

path q u i t e  we l l .  Since Warren has presented a model o f  an e n t i r e  c lass  o f  j e t s ,  it 

should be expected t h a t  t h e  decay curve o f  t he  f r e e  j e t  examined here in  would 

agree c l o s e l y  w i t h  t h i s  general representat ion.  An independent check on the 

probable r e l i a b i l i t y  o f  t h e  experimentally-determined loca t i on  and curvature o f  

t h e  j e t s  i s  made by ove r lay ing  F igure 3.1 on 3.12. A t  a l l  v e l o c i t y  r a t i o s  tested, 

t h e  cu r ren t  experimental curves l i e  very c lose  t o  those o f  K e f f e r  and Bafnes; so 

one cannot r e a d i l y  conclude t h a t  t h e  i d e n t i f i c a t i o n  o f  j e t  c e n t e r l i n e  by micro- 

densitometer i s  i n  e r r o r .  

A t  v e l o c i t y  

Examination o f  t h e  v e l o c i t y  p r o f i l e s  a t  one diameter downstream i n  t h e  

f r e e  j e t  suggest t h a t  a measurable boundary layer  e f f e c t  i s  present a t  t h e  nozzle 

e x i t  and t h a t  t h e  momentum f a c t o r  a t  t h e  e x i t  p lane i s  no t  u n i t y .  Consequently, 

t h e  ex t rapo la t i on  o f  t h e  ca l cu la ted  equ iva len t  v e l o c i t y  decay by a least-squares 

f i t  t o  a s p e c i f i e d  end p o i n t  o f  v /v = 1.0, as shown i n  Appendix F igure 3 . l I ( b l 9  
E Jo 
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i s  sub jec t  t o  question. 

c a t i o n  for t h e  s e l e c t i o n  o f  any more reasonable e x t r a p o l a t i o  

aforementioned blockage problems i n  so small a j e t  make t h e  

v e l o c i t y  p r o f i l e s  a t  o r  near t h e  e x i t  extremely d i f + i c u l t  an 

d i r e c t  ex t rapo la t i on  d is regard ing  t h e  mathematical cond i t i on  of un i form i n i t i a l  

v e l o c i t y  c e r t a i n l y  would lead t o  a decreased s lope i n  t h e  f i r s t  two diameters 

downstream i n  F igure 3 . l I ( b l ,  bu t  t h e  extreme s e n s i t i v i t y  o f  t h e  c a l c u l a t i o n s  

t o  t h i s  s lope suggests t h a t  one might b e t t e r  choose t o  examine a la rger  j e t  i n  

which probe blockage i s  no t  a severe problem o r  t o  examine t h i s  reg ion i n  the  

e x i s t i n g  j e t  w i t h  micro-size hot-wires o r  w i t h  more soph is t i ca ted  non- in te r fe r i ng  

sensors such as laser  op t i cs .  The modest program repor ted he re in  d i d  no t  j u s t i f y  

these add i t i ona l  e f f o r t s  i n  inst rumentat ion.  

No q u a n t i t a t i v e  data are a v a i l a b l e  t o  prov ide j u s t i f i -  

The technique o f  apply ing an o p t i c a l  micro-densitometer t o  the  photo- 

graphic  negatives o f  t he  curved j e t  path led  t o  new questions t h a t  can on ly  be 

answered by add i t i ona l  experiments. One must a r b i t r a r i  l y  de f ine  a j e t  center- 

l i n e  from t h e  smoke dens i ty  in fo rmat ion  obtained by some f l ow-v i sua l i za t i on  

method, such as opaqueness of a f i l m  The d e f i n i t i o n  chosen here in  i s  t h a t  t h e  

c e n t e r l i n e  i s  t h e  locus of p o i n t s  o f  maximum smoke i n t e n s i t y  o f  t he  t raverses 

across t h e  j e t .  A more r igorous  cho ce, cons is ten t  w i t h  t h e  t h e o r e t i c a l  model 

developed, would be t h e  locus o f  p o i n t s  o f  maximum momentum f l u x  o r  maximum 

a x i a l  v e l o c i t y ,  assuming a symmetrical p r o f i l e .  However, u n t i l  reasonably 

p rec ise  cross sect ions are  determined f o r  t h e  mix ing  j e t ,  one cannot i n t e r p r e t  

t he  smoke i n t e n s i t y  in fo rmat ion  der ived  from a s ide  view o f  t h e  j e t  i n  

the  loca l  v e l o c i t i e s  i n t e r n a l  t o  t h e  sect ion.  The bes t  compromise f o r  

present  study was the re fo re  f e l t  t o  be t h e  assumption t h a t  t h e  g rea tes t  

t r a t i o n  o f  mass f low could be t r e a t e d  as t h e  l oca t i on  o f  t h e  j e t  center  

erms o f  

he 

concen- 

h e .  

22 



I V .  Conclusions and Recommendations 

The basic objective of the current program as stated in the introduction 
has been achieved. A mathematical model of a curving, mixing jet as it interacts 
with a uniform cross-stream has been developed as an improvement and extension 
of earlier work by Heyson and Kirkpatrick. The essential contribution of this 
development to the longer range goal of complete understanding of jet mixing lies 
in its identification of important primary jet parameters insofar as they In- 
fluence the mixing process. The experimental checks of this model support the 
results of numerical calculations in two ways: (a) the better agreement between 
prediction and reality indicates that the revised model definitely represents 
an improvemen+ over previous theoretical descriptions, and (b) the departure of 
jet curvature in some of the experiments from predicted behavior is directly 
attributable to a variation from idealized performance of the most sensitive of 
the free jet parameters, i.e., velocity decay. 

The significance of the contribution reported herein to the engineer who 
wishes to apply it in determining wind tunnel wall corrections, jet downwash 
effects, or even the spread of pollutants into a moving environment may be 
somewhat obscured by the minutiae of detailed derivations and discussions and 
should perhaps be stated more simply at this point. If one wishes to predict 
the centerline location, local curvature, or even local entrained mass flow of 
a non-swirling turbulent jet issuing info a uniform cross-stream, he may do so 
with reasonable confidence by examining the same jet as it issues freely into 
a quiescent environment. In the case of a Jet which approximates ideal flow at 
the orifice, a previously-developed mathematical description of this free-jet 
behavior will suffice as an input to the calculations of the mixing jet. In the 
case of a new, untried nozzle design or one whose exit characteristics are 
known to depart appreciably from idealized conditions, one need only perform 
the relatively simple experiment of measuring velocity decay and velocity pro- 
files in the freely-expanding jet rather than a complicated, difficult and often 
expensive series of experiments in the actual cross-flow mixing environment. 
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The recommendations made by Hardy i n  Appendix Sect ion I V  cannot be over- 

emphasized i n  t h e  l i g h t  o f  t h e  r e s u l t s  obta ined and conclusions drawn i n  t h a t  

sect ion.  

we l l  j u s t i f i e d  by t h e  comparisons o f  numerical and empi r i ca l  resu l t s ,  a 

thorough understanding of t h e  mix ing  process of non-para l le l  streams and i t s  

s i m i l a r i t y  t o  f r e e - j e t  behavior requ i res  a g rea t  deal o f  f u r t h e r  inves t iga t ion .  

One o f  t h e  suggestions made by Hardy has been fo l lowed recen t l y  by Margason ( 9 )  

and 8. G. Wi l l iams ( I O )  i n  which the  in f luence of t h e  end p l a t e  a t  t h e  nozzle 

o r i f i c e  i s  examined i n  both mix ing and f r e e  j e t  s i t u a t i o n s .  Although no t  a 

n e g l i g i b l e  e f f e c t ,  t h i s  end-plate blockage appears t o  be less s i g n i f i c a n t  than 

t h e  e f f e c t s  of the  ac tua l  v e l o c i t y  p r o f i l e  a t  t h e  e x i t .  A second recommendation 

o f  Hardy has been fo l lowed i n  a p re l im ina ry  at tempt  t o  observe t h e  mix ing j e t  

cross sect ions and t h e  growth o f  t h e  vor tex  " t a i  Is"  a t  t h e  edges o f  the  j e t  by 

J .  S c h i l l e r  ( 1 1 ) .  A corresponding phenomenological model o f  t h i s  combinatlon 

o f  entrainment and shear has been proposed by P r a t t  and Baines ( 7 ) ;  and t h e r e  

appear t o  be ser ious  discrepancies between t h i s  model and t h e  observations, 

p a r t i c u  a r l y  w i t h  regard t o  d i r e c t  penet ra t ion  o f  t h e  j e t  by cross-flow com- 

ponents o f  mass f l u x .  C e r t a i n l y  t h i s  phase o f  t h e  i n t e r a c t i o n  problem must 

be c l a r  f i e d .  

Although t h e  assumptions and approximations o f  t h e  theory  a re  f a i r l y  

As Hardy has noted, no s i n g l e  approach toward t h e  understanding and 

p r e d i c t i o n  o f  j e t  mix ing i n  a f r e e  stream can be expected t o  be all-encompassing. 

I nves t i ga t i ons  of t h e  loca l  mechanisms of t u r b u l e n t  t ranspor t ,  t h e  n e a r - f i e l d  

in f luence o f  t h e  j e t  on v e l o c i t i e s  and pressures i n  the  f r e e  stream, the  i n t r o -  

duc t ion  o f  v o r t i c i t y  through viscous shear a t  t h e  edges of t h e  j e t ,  t he  importance 

o f  asymmetry on j e t  curvature, and t h e  general e f f e c t s  o f  j e t  s w i r l  are recom- 

mended as p o t e n t i a l  l y  f r u i t f u l  d i r e c t i o n s  f o r  f u r t h e r  research. 
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CHAP'I'EII I 

INTRODUCTPON 

A. BACKGROUND - 
At the present t ime, the interaction between two distinct and 

non-paralled s t r eams  is a phenomenon which mer i t s  attention from the 

scientific community, not only because it is an  interesting academic 

problem, but a l so  because of i ts  importance in the fields of mixing 

processes ,  industrial waste control, and V/STOL a i rc raf t  design. 

the t ime of this writing, basic information concerning this type oi 

interaction is wanting when compared to  other problems in  fluid 

dynamics. 

tunnel w a l l  corrections for  t e s t s  of V/STOL models in the flight 

regime between vertical  take off and conventional forward flight. 

i s  desired in wind-tunnel tests to simulate free flight conditions. 

order  to  do th i s ,  corrections which account fo r  the presence of the 

tunnel wa l l s  must be applied to  experimental measurements .  

linearized theory has been developed and verified for conventional 

flight configurations. This theory is based on the assumption that 

disturbances to the test-section velocity field caused by the model's 

presence in  the test-section are smal l  and may be linearized. 

V/STOL trasit ion regime, the disturbances a r e  no longer small and 

a r e  quite non-linear. Thus the assumptions of the linearized theory 

At 

The following study g r e w  out of an  investigation of wind- 

It 

In 

A 

In the 

a r e  no longer valid. 

Removing the effects of t h e  presence of the test-section walls 

f r o m  measurements rnay be accomplished in two ways .  The f i rs t  

1 
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method i s  t o  withdraw the walls of the test-section t o  a poinl where 

their influences on the measured aerodynamic forces  a r e  negligible 

(e, g. by enlarging the test-section or by reducing the model size). 

This plan becomes prohibitive when t h e  tunnel size becomes too large 

f o r  economic operation or whert the model becomes too small  for pre- 

cise measurements.  The secorid method is to  find an  effective way t o  

cor rec t  the measurements in order  to compensate for the presence of 

the walls. 

for the future since a complete theory can be applied to  a lmost  all 

This latter course of action is felt t o  hold more  promise 

tunnels. 

V/ STOL wall correction theory has been developed in two stages. 

Initially a linearized theory was developed by Harry H. Heyson [ 6 ]  

NASA, Langley Research Center, in which the wake of a V/STOL 

of 

aircraft  in transition is treated mathematically as a inclined,straight- 

line distribution of vertical  and longitudinal doublets. The conventional 

theoretical techniques, e. g . ,  image distribution methods, are  then used 

to  calculate wall correction factors. Heyson's wake, however, is 

inclined at a n  angle to  the f ree  stream determined by the lift and drag 

measurements to which the corrections a r e  to  be applied. 

Realizing that ahe straight-line wake is physically incorrect,  

set. out t o  iritroduce a curved wake into Heyson's Kirkpatrick [ 111 

development, Kirkpatrick's s i  udy showed that the corrections calculated 

----..- ..-----. 
Olr,ott, J. W .  , "Survey GJ V/ snx,  Wind- Tunnel Wall Corrections 
and Test Techr;iquvs, " Prinr etan Uiiiversity ncpt. of Aero. Eng. 
Kepor? No.. 7 2 5 ,  1(]65. 
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employing a curved wake model varied significantly f rom those calcu- 

lated using the straight-line wake model. This result  suggests t o  the 

observer that the representation of the wake is of major  importance 

in the w a l l  correction analysis, and thus  the present study was initiated 

to  attempt t o  provide this representation. 

of wakes as described above. 

Figure 1. 1 shows the types 

It is not the purpose of tliis study to  consider V/STOL wind- 

tunnel corrections per  se. 

action of two s t reams similar t o  those found in V/STOL aerodynamics. 

An effort will be made to establish a simple analytical model of such 

wakes and to  confirm experimentally the validity of the model. 

doing so ,  it is felt that an  insight into the overall V/STOL wall inter- 

It is intended herein to  examine the inter- 

In 

ference problem will be gained. 

B. W A K E  REPRESENTATION -- -*- M_.---- 

No single representation of the wake (or  sl ipstream) of V/STOL 

configurations could ever hope to  cover all of the possible combinations 

of wings, rotors ,  fans9 and jets that. have been considered in  such 

designs; but by understanding [,he simplest of these, inferences can be 

made about the others. The model chosen here  is simply that of a je t  

of  air injected normal 10  the wind OF f'ree s t r eam direction. 

model was originally suggested by Kirkpatrick. 

however, plans to incorporate into Kirkpatrick's model some features 

which are mure closely correlated to  the observed physical aspects of 

Such a je t  

The present work, 

such flows. 
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FIGURE 1 .  1 (a) Slipstream in f o r w a r d  flight 
(b) Heyson' s V/STOL wake representation 
(c) Kirkpatrick' s curved wake 
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Henceforth, no further mention w i l l  be made of the V/STOL 

problem. 

or  s l ipstream and the wind as the cross-wind or  free s t ream. 

mention of a f ree  jet wi l l  hereafter refer  to a j e t  discharging into 

quiescent air. 

The aforementioned wake wi l l  now be referred to  as the jet 

Any 

The following development will consider the interaction of two 

s t r eams  which are incompressible, and of equal density and tempera- 

ture ,  However, the analysis can easily be expanded to  include com- 

press  i bility , differences in jet- f r ee  s tr  eam composition, and temperature 

effects. It is felt, however, tha t  a basic understanding of the mechan- 

isms of the  interaction are far more  important at this stage than 

including methods for handling all of the effects that might be encoun- 

tered.  

It has been shown that the presences of boundaries a l te r  the flow 

in  the jet [ 161 ; howeverP the je t  model developed herein will not include 

any attempt t o  compensate for the presence of wal l s .  Experiments t o  

verify the present analysis were performed in  the confines of a wind- 

tunnel tes t  section and for  this reason must be considered with some 

reservation. However, the experiments were designed to  reduce these 

effects to  a5 great a n  extent as 

it is the a im of this s tudy  to  gain an understanding of the pr imary 

But, as i s  pointed out. above, 

variables which iniluence interaction and, in this way, to present a 

guide for f u t u r e  studies. 



CHAPTER 11 

ANALYTICAL STUDlES 

A. EXISTING THEORIES 

It has been pointed out in  the introduction that there  is a minimum 

amount of information available 0x1 the subject of non-parallel flow inter-  

actions. The theories which have been presented on this subject do not 

agree  about how to approach the subject analytically. 

F red r i c  F. Ehrich of the Westinghouse Electric Corporation has 

presented a solution for  the steady, incompressible, two-dimensional 

potential flow of equal velocity streams [ S] By transferr ing the flow 

to  the hodograph plane he is able to  represent  the je t  boundaries and 

the orifice boundaries by circles  and radial  lines, respectively. Then, 

by mapping and employing the Schwartz- Christoffel transformation, he 

is able to  find the bounding streamlines of the jet  in  the physical plane. 

Although indicative of the existence of a solution, Ehrich's treatment 

i s  unable t o  a r r i v e  a t  any specific conclusions for the cases  where the 

je ts  might be compressible or  unequal in velocity. The use  of potential 

flow methods, of coursep precludes any consideration of viscous effects. 

In a similar mathemati<,al approach, Ackerberg and Pal ! 11 a l so  

consider a potential flow s i~ lu t ion  in two dimensions. This development 

is a n  improvement over  Ehrich in that i t  includes the effects of s t r eams  

of different densities and unequ;tl velocity. Again, the analysis does 

not consider visc .ous or  three  dimensional ilows. 
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B. - INTRODUCTION - TO INCOMPRESSIBLE mu J E T  CHARACTERISTICS 

Before continuing with the discussion of non-parallel flows, a 

brief discussion of free je ts  and parallel  flows is in  order .  

work has been done in  these fields, and some of the conclusions of 

these studies can be applied to  the s l ipstream analysis,  

Extensive 

Free- je t  theory considers the jet  t o  be divided into two regions 

shown in  Figure 2. la: a mixing or  core  region which extends three t o  

four diameters downstream from the orifice, followed by a ful ly-  

developed flow region. Theory predicts and experiment verifies that 

aerodynamic similari ty exists between jets provided their  methods of 

generation a r e  a l so  s imilar .  The centerline velocity, VC , remains 

nearly constant in the core  region, and then, in  the developed region, 

it decays as some power of the axial distance as seen in Figure 2. lb. 

Within the confines of the j e t  itself, similarity exists between the 

velocity profiles normal  to  the centerline or  line of symmetry (Figure 

2. I C  & 2, l a ) .  

F r e e  je ts  m a y  be correiated to  the flow situation which occurs 

when the jet  is not issuing into quiescent a i r  but instead issues  into a 

s t r eam moving parallel  t u  i t ,  

of an  equivalen?, velocity is introduced. This equivalent velocity, VE , 

is defined as that  uniform-protile velocity which provides the same 

momentum f l u x  for the jet as the assumed or measured profile (see 

In making this correlation, the concept 

Figure 2 ,  2 ) .  In other words 9he original je t  with non-uniform velocity 

profiles is transformed into an equivalent jet  with the same momentum 

flux a s  r h e  origindl < i f  nl l  a x i a l  sl,ttions but wi lh  uniform velocity 
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/ *  

y /  

D r . J 2 P 2 ? + -  

J region core I-, developed region * n I 

(a) Typic91 jet geometry 

I 
X 

(b) Centerline velocity decay 

Yi YS y5 
( c )  Jet prof i le  in core region (d) Jet profile in developed region 

FIGURE 2 .  1 - Axisynimetric J e t  
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profiles throughout, The equivalent velocity descr ibes  the decay of the 

equivalent. je t  and is a function of axial location. 

velocity for the f r ee  jet, u; 

same jet  i n  a parallel  s t r eam inay be determined by equation ( 2 , l ) .  

Once the equivalent 

is  known, the equivalent velocity for the 

The velocity 'u; 

s t ream,  18 is not the actual measured velocity. The velocities w~, 

and zr, 

parallel  s t ream,  respectively. 

is the equivalent velocity of the je t  in a parallel  

a r e  the actual velocities of the je t  at its orifice and of the 

C, KIRKPATRICK'S  JET ANALYSIS3 I 

__l---_n--- 

Kirkpatrick, in his analysis of a jet  in a cross-wind9 makes t h e  

simplifying assumptions that 

He also r e l a t e e  the equivilent je t  velocity of the curved je t  t o  that of 

'the f r e e  jet in  much the same way &G w a s  done above for the jet  i n  a 

parallel s t ream, 

stream vePoc,i'ty wh ich  is pardlllel to the jet contributes to  the change 

By assuming that only the component of the f r ee  

I-------- 

'' Kirkp,rB*'ick, D, I,. 1, "Wind-Tunnel Corrections for V/STOL Model 
Unpublished Thcsi s ,  University of Virginia, 1962, Chapter 

111, 
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in equivalent velocity, he expresses the equivalent velocity of a jet a t  

an angle 8 to  the f r e e  s t r eam as :  

where ( UFSin@ ) is the component of the f ree  s t ream parallel  to the 

jet. Figure 2 .  3 shows the nomenclature used. Kirkpatrick attributes 

the bending of the jet  to the action of two mechanisms: a net exchange 

of momentum in the wind direction between the f ree  s t r eam and the jet ,  

and the action of an aerodynamic drag force akin to  bluff-body drag on 

t.he s l ipstream cross- section. 

1 I_ Momem+um Considerations 

It is  an established fact that a jet interacts with the medium into 

which it issues by  the process of turbulent mixing, whether the medium 

i s  quiescent or not [I71 This mixing process is evidenced by a decay 

in the centerline velocity and by a spreading of the jet resulting in a 

decrease caf the momentum of the jet. 

between the j e t  and i t a  surrounding medium is  accounted for in (2. 2). 

Realizing that the momentum Posses have been accounted for,  Kirk- 

This momentum exchange 

patrick assumes thcrt the vertical  momentum of the jet i s  conserved 

when it  i ssues  into a horizontal, f ree  stream. Referring to  Figure 

2. 4 this assumption is s h b e d  by 

( 2 .  a) 



1 1  

1.0 

.8 

.6 

.4 

,2 

2 3 
Y/Y5 

2 3 
Y/Y5 

FIGURE 2.2 - Equivalent j e t  velocity 

F I G U R E  2 . 3  - Je t  Nomenclature 
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By conserving the combined momentum flux of the je t  and f ree  s t r eam 

normal  to  the je t  path, he a l so  demonstrates that 

Combining (2.  2), (2 .  3 ) ,  and (2.  4), one a r r ives  a t  Kirkpatrick's 

expression for the contribution of the momentum exchange between the 

f ree  s t r eam and je t  t o  the curvature of the jet. 

2 .  Ae r ody namic G ons ide ra t  i ons 

The mass of fluid contained in  a length, d t  , of the  jet is 

-- 

where Q is constant and yJ=5/J(3),\. The aerodynamic force normal 

to  such a jet  element i s  a drag force, which may be expressed a s  
\ J  
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FIGURE 2 . 4  - Representation of a Jetklement 
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Writing Newton's law for the mass of fluid 

d W  

$3 
dF,= -' v; ?- 

where 

Combining ( 2 . 6 ) ,  (2. 7), and (2.81, 

giving 

The assumption of conservation of momentum in  the vertical direction 

where 

Combining these equations, one obtains 

(2.10) 
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which, when substituted into ( 2 . 9 )  gibes 

( 2 .  11) 

where e,=O and C0"\.25 in Kirkpatrick's analysis,  

3 ,  Calculations 

Using a Runge- Kut ta  scheme of integration, Kirkpatrick calcu- 

lated the jet coordinates. Letting 8 be the total angle of inclination, 

the differential equation describing the local jet  angle is in the form 

This equation is  non-linear, and thus ca re  m u s t  be taken to  use the 

current  value of the local angle in the step-wise integration. 

actual coordinates of the je t  are then determined f rom 

The 

4, Remarks 

Kirkpatrick has thus taken the results of free-jet  and parallel- 

je t  studies and has applied these results t o  the analysis of a jet in a 

cross-wind. The assumption that the velocity decay of a curved je t  
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may be correlated to the velocity decay of a f ree  je t  is of considerable 

practical  significance, since f ree  je ts  a r e  relatively easy to  investigate 

experimentally and a r e  amenable to  straightforward analysis, 

centerline decay and the corresponding equivalent velocity decay used 

by Kirkpatrick a r e  shown in Figure 2.5. 

given in Figure 2.6. 

The 

The resulting je t  paths a r e  

Kirkpatrick concludes that the je t  path i s  dependent on two 

parameters ,  the ratio of initial je t  velocity to f ree  s t r eam velocity, 

and the initial angle of the jet with respect to  the f ree  s t ream. 

D. REVISED ANALYSIS OF THE JET IN A CROSS- WIND 

The conclusions of Kirkpatrick's analysis a r e  significant but 

a r e  not a complete evaluation of the problem. Also, severa l  changes 

in  the analysis are indicated when it i s  examined carefully. 

1. The Momentum Analysis 

Until quantitative measurements can be made to show otherwise, 

there i s  no compelling reason to  question the assumption that the je t  

centerline velocity behaves according to  equation (2 .  2). Therefore, 

the present analysis w i l l  use the results of Kirkpatrick's momentum 

considerations. 

2. Structure of the Jet  and the Drap Model 

Experiments r 9  & 101 have shown that the jet  does not remain 

circular as  implied by  equation (2. 10). After a distance of two or 
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(a) Centerline velocity decay 

.6 

.2 

(b) Equivalent velocity decay 

FIGURE 2 .  5 - Kirkpatrick's velocity decays 
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FIGURE 2. 6 - Kirkpatrick' s jet paths 
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three diameters  along the centerline, the c ros s  sectional shape of 

the jet, viewed normal to  the centerline 

shown in Figure 2. 7. 

the orifice is increased. Letting 

assumes a kidney shape, as 

This shape is ma ntained as the distance from 

be the c ross  sectional a r e a  of the jet a t  

element i s  given by 

dm, = f3J5Jd5 i 

and 

5 , then the mass  of a je t  

(2. 12) 

(2 .  13) 

where yJ i s  the half-width of the jet, Equating (2. 12) and (2. 13) 

and simplifying, 

(2. 14) 

Conservation of momentum in the vertical direction gives the condition 

that 



20 

FIGURE 2. 7 - Structure of a curved jet 
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where 

dm, = s,p,v, 
Combining and simplifying, 

Substituting into (2.14) one finds the drag contribution to  curvature 

to  be 

(2. 15) 

A drag coefficient of 1. 16 was  chosen for this investigation, since 

this i s  an  accepted empirical  drag coefficient for a cylindrical semi- 

shell. Values for  $/o  were taken from experimental pressure 

digtribution measurements [ 91 ,  since no analysis i s  currently avail- 

able t o  describe the growth or distortion of the kidney shape. 

polynomial fit was made to the experimental jet  width data a s  shown 

in Figure 2.8. 

higher values of the initial jet-to-free- s t ream velocity ratio, this 

analysis i s  res t r ic ted to  the range of 

A 

Due to the lack of data a t  both the lower and the 

vJa\U, between four and ten. 

3 .  Velocity Distribution & the Momentum Factor 

Since both analyses depend upon the assumption that the f ree  jet 

can be related to  the curved jet, it seemed conetructive to investigate 

f r e e  je t  characterist ics in m o r e  detail. 
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FIGURE 2 . 8  - Jet spreading 
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Kirkpatrick's analysis calls for a circular,  axisymmetric, 

f ree  jet, yet the centerline velocity decay which he introduced into 

his analysis is  not that of such a jet. Nor i s  the equivalent velocity 

analysis consistent with other theoretical and experimental analyses 

of axially symmetric jets. 

extensively by Warren [ 171, and the following i s  a summary of this 

work as well as an application of i t  to the determination of the 

equivalent velocity decay. 

extended to other types of jets,  e. g . ,  those issuing from non- 

circular orifices. 

to this treatment because of their  symmetry and because of the 

existence of similari ty within the je t  itself, and therefore are con- 

One such analysis was car r ied  out 

The methods developed here  can be 

However axisymmetric jets a r e  more amenable 

sidered here  in order t o  present the methods involved in finding the 

equivalent jet characterist ics . 
As w a s  noted in part  B, f ree  jets may be considered in  two 

parts: the core  region and the developed region. Centerline velocity 

decay in  the core region i s  negligible. In the developed region, decay 

occurs in two stages;  a characterist ic decay, dependent on the jet  

orifice geometry, followed by an axisymmetric decay region. It i s  

meant by axisymmetric decay that the centerline velocity decays as 

1/ x (Figure 2.9b) 

At any axial, or  x , location, Warren finds that the velocity 

profiles normal to  the centerline may be given by the following 

expressions: 
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in the core  region: 

1 1‘00 

and in the developed region: 

( 2 .  16) 

(2. 17) 

\ 
The parameters  s / i  (core width), ys (width at which U p = r q  ), 

and (the centerline velocity) are functions of axial position and 

are calculated from the following equations : 

In the core region, 

V, 

and Km.0434, s = 2*5887) where a= ,6972, 

In the developed region, 

(2. 18) 

i 

(2. 19) 
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(For  a detailed description of the derivation of these expressions, the 

reader  i s  directed to  Warren's thesis . )  Figure 2.9 shows the pro- 

perties of Warren's jet  as described by these equations. 

The equivalent velocity, v, , has been described as that 

uniform profile velocity which passes the same momentum flux a s  

does the actual jet, through a finite a r e a  of radius ye That i s  

One may define a momentum factor,  f ,  such that: 

' f l _ r C 2 W E 2 .  

Thus 

(2. 16) and (2. 17) .  Altern 

(2.20) 

where vp /q  is  given by equation 

(2 .21)  

tive 

express ions for these velocity profiles a r e  a l so  given by Warren. 

In the core  region, 

and in the developed region, 

(2. 22) 

(2. 23) 
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Defining yE a s  the radius a t  which the polynomial profiles (2. 22) 

and (2.23) pass the same mass f l u x  as (2.16) and (2.17), one may 

(2. 24) 

Making the proper substitutions into (2. 24), integrating, and sim- 

plifying, i t  can be shown that the resulting equation for )/s in the 

core  region is 

Substituting (2. 18) into (2.25): 

giving 

a=-,,% '' + -,/ i.9445 - 4,7148(D) Yl 
D 

( 2 ,  25) 

( 2 .  26) 
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Similarly, for the developed region, 

(2. 27) 

Using (2.22) and (2. 23) in (2. Z l ) ,  the momentum factor,  f ,  m a y  be 

found. 

In the core  region: 

and in the developed region 

c = , r335 

(2. 28a) 

(2. 28b) 

In the developed region, f is found to  be a constant because of theclose 

similarity between the je t  velocity profiles inthis regionat successive down- 

s t r eam locations in this region. 

as a single function of j/y3 . In the core  region, however, the 

profiles a r e  dependent on the core width, y; , as well a s  y/Ys . 
Knowing f ,  the equivalent velocity can be found by: 

That is, the jet profiles can expressed 
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The equivalent velocity decay for Warren's jet  was calculated 

and is shown in Figure 2. 10, 

fit was made to  the calculated decay for use in the analysis and i s  

shown in Figure 2.10. 

A fifth order least  squares  polynomial 

4. Calculations 

A Runge-Kutta integration scheme was  used to  calculate the je t  

The basic procedure used by Kirkpatrick w a s  adapted to  the 

x / D  

paths. 

revised analysis described above with the end result  being the 

and z/D coordinates of the jet  centerline. 

5. Remarks 

Kirkpatrick concluded that the jet  path i s  dependent only upon 

the initial jet  angle and the ratio of initial jet  velocity to  f ree  s t ream 

velocity. 

although this simple dependence may be t rue for one particular jet, 

the most important consideration in the general  case i s  the rat io  of 

the local equivalent je t  velocity (2. 2) to the component of the free  

s t r eam velocity parallel  to  the jet ,  

method of representing the aerodynamic forces  on the jet. 

l e s se r  importance is the selection of a proper drag  coefficient for any 

given method. 

considered and their  resulting jet paths calculated. 

It is felt as a resul t  of the present investigation that, 

Of secondary importance is  the 

Of still. 

To demonstrate these results severa l  cases  were 
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6 ,  Discussion 

This analysis of the jet  in a crosswind indicates that the char- 

acterist ic manner in which each je t  distributes its initial momentum is 

the most influential factor in  determining the je t  curvature. 

result of this analysis one may expect jete having different spreading 

and decay characterist ics to follow different paths even though their 

initial inclination, velocity, and free s t ream environments a r e  

identical. 

As a 

The effect of turbulent mixing is, of course,  to  reduce the local 

momentum of the je t  by spreading it over a la rger  area, thereby 

sing a decay in the dynamic pressure at the centerline as well as 

the width of the jet. Therefore, a je t  which is characterized by 

t ra te  into the cross-wind less  than early mixing can be ex 

which has delayed 'mixing. 

A mathematical method for treating an axisy etr ic  je t  has 
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and profile data, comparable to  Warren's work, a r e  available o 

the extension can be based. 

dictates that sufficient tests be made on the f ree  je t  to determine the 

momentum factor and equivalent velocity by methods s imilar  t o  those 

presented herein. 

Lack of existing experimental information 

Once sufficient information concerning the free  jet is on hand, 

it is felt that the present analysis offers the best available method for 

predicting jet paths. To demonstrate this point and to  illustrate the 

methods involved, an  experimental program has been undertaken as 

described in the subsequent sections. 



the experimental observations, it was found that among the several  

investigators there w a s  a wide spread of the jet  paths observed a t  any 

one velocity ratio, U,,/V,. 

analysis, this lack of correlation between various experiments is not 

surprising. 

f ree  jet  characterist ics which produced them a r e  identical. 

was made among the various studies to match the experimental condi- 

tions which generated the jets. 

However, in light of the conclusions of the 

That is, no two jet paths will be the same unless all of the 

No attempt 

A secondary cause of the difference in the observed paths i s  the 

effect of the tunnel walls.  

some effect on the je t  path. 

studies of jet-crosswind interactions a r e  presented in Figure 3. 1. 

Storm [16] has shown that the walls do have 

The results of the previous experimental 

hese a re ,  r e sp  
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( 3 . 3 )  

B, PURPOSES O F  THE PROGRAM 

Since past experimental studies did not give sufficient informa- 

tion to  check the analysis in  Chapter 11, an experimental program was 

undertaken in the present study with the following primary objectives 

in mind: 

1. 

i i .  

iii. 

iv. 

Determine the f r ee  jet  characterist ics of two 

distinct je ts  and apply, where possible, the 

f ree  jet  analysis described i 

Determine the dependence of the jet path curvature 

on the f ree  jet  centerline ve 

Determine the dependence o 

initial conditions of the tes t  

jet  velocity to  the free s t r eam velocity). 

Provide an experimental check on the se  

analysis developed in Section 11. D. 

apter 11. 

In the remainder of this chapter i s  presented a review of the tes ts  

r e  made, a description of the apparatus, a n  evaluation of the 

data, and a discussion of the results of the study, 

between the experimental results ahd the analysis i s  then made. 

A comparison 
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C. THE EXPERIMENTAL PROGRAM 

Using total head measurements,  a careful study w a s  made of 

two different geometry je t s  issuing into quiescent air. Measurements 

were made in the incompressible range of jet velocities. Centerline 

velocity decay curves were obtained for  severa l  initial jet  velocities 

to  determine the effect of this parameter on the decay process. Pro-  

files of the jet, normal to the centerline, were measured for a single 

initial jet  velocity a t  many axial stations downstream from the orifice. 

In this way, the spreading characterist ics were found, and the exist- 

ence of similari ty within the je ts  was examined. 

Experimental data, in  one case, were subjected to  a rigorous 

application of the f r e e  je t  analysis to determine the equivalent jet 's  

characterist ics heretofore described. This was accomplished by both 

a mathematical treatment and a graphical integration of the je t  momen- 

tum profiles. 

The je ts  were then introduced into a crosswind inside a wind- 

tunnel tes t  section. Using flow visualization techniques, kerosene 

smoke was  injected into the jet  sl ipstream, and photographs were 

taken of both je ts  under the same initial conditions. 

initial jet velocity to  f ree  s t ream velocity w a s  changed by varying the 

former  while keeping the latter constant. 

f rom the photograph negatives by analyzing them with a micro-densitom- 

eter ,  and the effect:s of the velocity ratio on the je t  path were detcr-  

mined. 

The ratio of 

The je t  paths were obtained 
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By comparing the free- je t  centerline velocity decay curves and 

the curved-jet paths of the two jets,  the dependence of this path upon 

the free-  jet  centerline decay was  determined. 

Finally, using the calculated equivalent je t  velocity, a compari- 

son of the experiments and the analysis was made. 

D. DESCRIPTION O F  A P P A R A T U S  

1, Nozzle Design 

The desire  to  investigate the effects of the centerline velocity 

decay on the curved-jet path required that two nozzles be designed 

which had significant differences in their  f ree-  jet  characterist ics.  

Another design consideration a rose  f rom the plan to  apply the theo- 

retical  free-jet  analysis to  a t  least  one of the je ts ,  It w a s  a l so  

desired to  have nearly uniform and parallel  flow at the orifice. Finally, 

it was desired that the two nozzles be designed to have the same exit 

area.  

Using the observations of Higgins and Wainwright (81, it was 

concluded that the orifice geometry of the jets must be strikingly 

different to  achieve notable differences in jet characterist ics.  To 

facilitate analysis, i t  was decided to construct one je t  nozzle with a 

circular orifice; and, in order  to minimize the wind-tunnel wa l l  effects4, 

See Chapter I., 
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the orifice was restr ic ted to  one-quarter of an  inch in diameter. Com- 

paring the jet characterist ics of the various nozzle configurations in- 

vestigated by Higgins and Wainwright, a rectangular slot nozzle of 

aspect ratio near five was noted to  have significantly different char- 

acter is t ics  f rom those of a circular  nozzle. To maintain the same 

cross-sectional a r e a  at the slotted orifice as was present in the 

circular nozzle, the rectangular nozzle dimendions were selected to  

be one-tenth of an  inch wide and four-hundred and ninety-one thou- 

sandths of an inch long, giving an  aspect ratio near  five, 

The coatraction section of the circular nozzle consisted of an  

axisymmetric contour designed to  minimize skin friction and separa- 

tion losses within the nozzle. 

consisted of a horizontal two-dimensional contour followed by a 

vertical  two-dimensional contour. Thus the fabrication of the nozzle 

The rectangular nozzle's contraktion 

w a s  facilitated. 

al effects i. e. s non-uniformities of the velocity in the corners, woul 

minimized, The nozzles were made from maple, sanded smooth, 

the grain filled with a sanding sealer ,  

provide a method for introducing the jet  into the windtunnel tes t  

It was  hoped that by careful design, three- dimension- 

Brass  extensions were added to  

section, Figure 3 ,  2, presents the final nozzle designs. 

Both nozzles were made to f i t  onto a 2.75"-I .  D. plenum chamber. 

A fine mesh screen  was placed before the contraction to  reduce the 

ulence intensity of the flow and to  achieve a more  nearly uniform 
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distribution of the velocity. 

during all tes ts  t o  achieve the desired exit velocity f rom the nozzle. 

F i g u r e  3 . 3  shows the plenum configuration. 

The plenum pressure  was monitored 

The air supply to  the plenum consisted of' a 1000-cubic foot, 

high pressure  storage tank which is a part  of the University of 

Virginia's existing facilities. 

a Binks A i r  P r e s s u r e  Regulator which maintained a constant down- 

The plenum pressure  was controlled by 

s t r eam pressure.  

2. The Wind-Tunnel 

Investigations of jet-crosswind interactions were made in the 

University of Virgia 8. 25-by-12-inch test section Pilot Wind- Tunnel 

shown in  Figure 3 . 4 .  

found to  be uniform to  within 1% of the mean velocity. At the entrance 

of the test sectionp the boundary layer is approximately . 15-inches 

thick, growing to a thickness of . 3 0  inches at the exit, 

effects of. the tunnel boundary layer at the nozzle orifice, a one-eighth- 

inch thick boundary layer plate was placed i n  the test section at a 

height of t.hree-quarters of an  inch f rom the floor. 

The flow in the tes t  section w a s  calibrated and 

To reduce the 

The plenum-nozzle assembly was  attached beneath the tes t  

section, with the nozzle extension protruding through the tunnel floor 

and flush with the top surface of the boundary layer plate. The nozzle 

orifice w a s  placed equidistant f rom the tes t  section side walls and six 

he8 downstream from the leading edge of the plate. 
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to be maintained on the kerosene storage tank to insure sufficient 

Kerosene in the heating column. 

diagram of the experimental setup used in the jet  path studies. 

Figure 3.6 presents a schematic 

4. Photographic Equipment 

A l l  photographs were  taken using a Polaroid MP-3 Land camera 

with a 127mm focal length lens. 

Land f i lm provided on-the- spot positive pictures along with negatives 

f o r  future quantitative use. 

The use of Type 55 P / N  Polaroid 

The tes t  section was illuminated by two 650-watt motion picture 

lights. The interior of the test  section was painted glossy black in 

order  to  obtain sufficient contrast between the smoke and i t s  back- 

ground, 

5. Measuring and Recording Devices 

The pr imary pressure  indicator was a Datametrics, Inc., Type 

1012 Barocel electronic manometer with a Type 511- 1 2  pressure  

transducer.  

ences a s  small  a s  one one-hundredth of a mill imeter of mercury.  

During the free-jet  studies, p ressures  were  recorded on a 

This system was capable of measuring pressure  differ- 

Sanborn Model 322 Dua l  Channel D. C. Recorder. The tes t  section 

pressure  was indicated by a United Sensor Corp. inclined water 

manometer which was accurate to  within two-thousandths of an inch 

of water. 

The uncertainties of measuring static pressures  in f ree  je ts  

required that all dynamic pressure  measurements be made using the 
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differential p ressure  between the jet  total p ressure  and ambient room 

pressure,  'j 

tube. 

The total p ressure  in the jet was measured using a Kiel 

The photographic plates (negatives) were analyzed using a micro- 

densitomer. 

light source which i s  passed through the plate andfocused on a sensi- 

tive photometer or photo cell. 

which i s  proportional to  the intensity of the light reaching it, This 

instrument is thus capable of determining the optical density of the 

grain can the plate. 

source beam and thus the density distribution of the grain on the plate 

w a s  measured. 

bution,, thereby providing a permanent record. Using the densitometer 

it was possible to determine the locus of points of maximum smoke 

density (minimum light intensity) along the je t  to a precision of five 

thousandths of an inch. 

This instrument i s  basically a constant intensity point 

The photometer's output i s  a voltage 

The plates were t raversed across  the instrument 's  

The densitometer a l so  recorded the density dis t r i -  

E. VALIDITY O F  RESULTS 
--I___ 

Using  the measuring devices described above i t  was possible to  

determine pressures  t o  within 1% accuracy except in regions near 

ambienl presdures,  when e r r o r s  increased to  as much as 570~ At  

near ambient pressures ,  large pulsations in pressure  were observed 

'Static pressures  in f r e e  je ts  have been found to  differ only slightly 
f rom the ambient pressure r 171 



i t  was employed merely to  indicate the position of the maximum smoke 

density. 

the data obtained f rom this device is 1%. 

To this end it is quite accurate. Estimated uncertairity in 

It must be noted, however, 

tainty a r i s e s  from the cri terion €or selecting the jet  centerline location, 

It was decided to interpret  the points of maximum smoke density as 

representing the location of the centerline. There is no method fo r  
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A change in the velocity ratio, however, has the same effect on 

Increasing the initial je t  velocity increases  the jet 's pene- 

This was predicted by Kirkpatrick and 

both jets, 

tration into the f ree  stream. 

has been verified in previous studies. 6 

Of further interest  is the ability of the mathematical analysis 

Introducing the equivalent jet  in Chapter I1 to  predict the jet  path. 

corresponding to the circular  nozzle into the analysis, the paths for 
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in e r r o r a  

In retrospect, the lack of agreement might be attributed to  two 

factors not yet mentioned. 

was made to  account for the presence of the boundary layer at the 

nozzle exit. 

First , in the analysis of the jet, no attempt 

Taking this factor into account would reduce the equivalent 

velocity a t  the orifice to  some v e l ess  than unity. Secondly, the 

f ree  jet  investigations were conducted without the presence of a 

ground plate a t  the exit plane, 

sooner in the jet than if a ground plate had been used. 

factors influence the calculated je t  paths. 

calculations the e 

initial stages since the gradient of the equivalent jet velocity would be 

reduced. Alee, as has been mentioned, the influence of the presence 

of the wal l s  and ceiling of the tunnel on the jet  curvature is not known 

and, therefore, cannot b introduced into the theoretical modbl or 

Thus, mixing and spreading occurred 

Both of these 

If accounted for in the 

ct  would be to. increase the penetration in the 



(a) Side view 



view as an effective enlargement of the jet ,  but at reduced smoke 

is not the actual jet boundary but rather the lower edge of the trailing 

vortex sheet.  

the leading edge of the jet s l ipstream. 

The downstream jet boundary l i e s  above this line near 

, . -  



decay and spreadihg character is t ics  of the f ree  jet. 

for downwash suppression (i. e * ,  large degradations of dynamic pressure),  

therefore, would be expected to  have lese penetration than other nozzle 

configurations. The other primary influences on penetration a r e  the 

velocity ratio and the initial inclination of the jet  to the f r ee  stream, 

These, however, were discuss ed in detail by Kirkpatrick. 

Nozzles designed 

The experimental studies support the conclusions derived from 

present a guide to  future analydts. It would seem that any future 
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An experimental program should a l so  be continued from the 

present one. P r e s s u r e  measurements should be made within the 

test-section to  check the results herein, to gain insight into the 

mechanisms which generate the vortex, and to  investigate the effects 

of the walls on the sl ipstream. 

s hould a l so  be made with a nozzle exit base plate. 

pressibility effects should be examined, and the mixing process  

understood before the problem of predicting the je t  characterist ics 

can be considered in any sense solved. 

F r e e  jet  velocity decay measurements 

Swirl and com- 

The present study has offered just one approach to  the analysis 

of non-parallel s t reams and has indicated the major influences on the 

jet penetration. Although restricted Ln scope, the analysis can be 

expanded quite easily to include compressibility, etc. The goals se t  

forth in the Introduction have been attained. 

standing of the interaction of a je t  in a cross-wind has been gained, 

It was pointed out that no single approach can include every type of 

situation that might a r i s e ;  therefore the study of such problems 

should continue. 

An improved under- 
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